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ALGEBRAIC CONSTRUCTION OF WITTEN’S TOP CHERN CLASS
ALEXANDER POLISHCHUK AND ARKADY VAINTROB
Abstract. Applying a modification of MacPherson’s graph construction to the case of
periodic complexes, we give an algebraic construction of Witten’s “top Chern class” on
the moduli space of algebraic curves with higher spin structures. We show that it satisfies
most of the axioms for the spin virtual class and also the so-called descent axiom.
1. Introduction
A famous conjecture of Witten [12] proved by Kontsevich in [10] connects the gener-
ating function of certain intersection numbers on the moduli space Mg,n of n-pointed
stable curves of genus g and a special solution of the Korteveg-de-Vries hierarchy. In an
attempt to generalize this conjecture to the so-called Gelfand-Dickey hierarchies, Witten
in [13] introduced a certain physical model of two-dimensional quantum gravity coupled
to matter. He interpreted the free energy of this model in terms of intersection theory on
certain ramified covers of Mg,n obtained by compactifying the moduli space of Riemann
surfaces with r-th roots of the canonical bundle (r-spin structures) and conjectured that
it gives a special solution of the r-th Gelfand-Dickey hierarchy. Unlike the original con-
jecture, however, the generalized conjecture was not precisely formulated at that time.
First, the appropriate compactification of the space of curves with r-spin structure had
not yet been constructed. In [14], Witten described the desired types of behavior of a spin
structure near the singular points and Jarvis in [6, 7] gave a detailed algebro-geometric
construction of the corresponding moduli space M
1/r
g,n . Second, the intersection numbers
in question involved not only the Chern classes of the tautological line bundles, but also
the so-called top Chern class c1/r of the push-forward (in the derived category sense) of
the universal r-th root bundle. Since this push-forward is in general not a sheaf, but only
a complex of sheaves, the naive definition of the class c1/r does not work. This resembles
the situation in the definition of the Gromov-Witten invariants of a variety V , where one
has to integrate certain cohomology classes against the fundamental class of the moduli
space of stable maps from Riemann surfaces to V . Since the space of stable maps is not
smooth in general, the non-existent “honest” fundamental class has to be replaced by a
so-called “virtual” fundamental class. This virtual class admits two different construc-
tions, analytic and algebraic, both of which satisfy a set of axioms formulated by Behrend
and Manin in [2].
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Similar axioms for Witten’s virtual top Chern class c1/r on the moduli space M
1/r
g,n
were formulated in [8]; a class satisfying these axioms is called a spin virtual class . It
was proven there that any spin virtual class gives rise to a cohomological field theory (in
the sense of Kontsevich-Manin [11]). Existence of such class (as well as the generalized
Witten’s conjecture) was also proven in [8] in two special cases: g = 0 (and arbitrary r)
and r = 2 (and arbitrary g).
In [14], Witten sketched an index-theoretic construction of the virtual top Chern class.
However, it is not clear how to apply his construction on the boundary strata of M
1/r
g,n
and whether the resulting class would have the desired properties.
In this paper we give an algebraic construction of a Chow cohomology class on M
1/r
g,n
that we propose as a candidate for the role of the spin virtual class. Our class satisfies
all axioms of the spin virtual class formulated in [8] except, perhaps, some vanishing
conditions which we verified only in several special cases. For the cases considered in [8]
our construction gives the same answer.
The paper is organized as follows. In Section 2 we describe a modification of MacPher-
son’s graph construction for the case of 2-periodic (unbounded) complexes. In Section 3
we use it to define an analogue of the localized top Chern class for an orthogonal bundle E
with an isotropic section s. The corresponding periodic complex is the spinor bundle of E
where the differential comes from an action of s. In Section 4 we apply this construction
to orthogonal bundles related to families of r-spin structures and in Section 5 we study
properties of this virtual top Chern class.
Our construction can be viewed as an algebraic counterpart of Witten’s analytic con-
struction. It would be interesting to fill in the details of Witten’s construction and to
check whether the resulting classes coincide. (In the case of the virtual fundamental class,
it is known that algebraic and analytic constructions give the same result).
Acknowledgment. We are grateful to the Institute des Hautes E´tudes Scientifiques for its
hospitality during the final stages of work on this paper. Also we would like to thank
Takashi Kimura for reading the first draft of the paper and for making valuable comments.
Conventions. All our schemes are assumed to be of finite type over C. By a variety we
mean a reduced and irreducible scheme. When we consider the zero locus of a section of
a vector bundle, it is assumed to be equipped with the reduced scheme structure.
2. Periodic graph-construction
2.1. Bivariant intersection theory. We refer to Fulton’s book [5, Ch. 17] for the main
definitions concerning bivariant intersection theory. The following lemma combined with
the deformation to the normal cone (see [5, Ch. 5]) shows that in order to prove some
universal identities between bivariant classes involving a closed embedding, it is sufficient
to prove these identities in the case of an embedding of a zero section into a normal cone.
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Lemma 2.1. Let U ⊂ P1 be an open subset, containing the point ∞, p : X → U be
a flat morphism such that there is an isomorphism p−1(U \ {∞}) ≃ X × (U \ {∞}) of
U \ {∞}-schemes where X is a scheme. For every t ∈ U let us denote by it : Xt →֒ X
the fiber of X over t (so that Xt = X for t 6= ∞). Let Z × U → X be a family of
closed embeddings kt : Z →֒ Xt parametrized by U . Assume that we have a bivariant class
c ∈ An(Z × U → X ) such that i∗∞c = 0 in A
n(Z → X∞). Then i
∗
t c = 0 in A
n(Z → Xt)
for all t ∈ U .
Proof. It is sufficient to check that for every t ∈ U \ {∞} and every class α ∈ Ap(Xt) one
has c(α) = 0 in Ap−n(Z). Let
j : X × (U \ {∞}) ≃ p−1(U \ {∞})→ X
be the natural open embedding. We can choose a class α˜ ∈ Ap+1(X ) such that j
∗α˜ = p∗α
in Ap+1(X× (U \{∞})). Since bivariant operations commute with specialization we have
c(α) = i!tc(α˜).
By example 2.6.6 of [5], the Gysin homomorphism A∗(Z × U) → A∗(Z × {t}) doesn’t
depend on t. Hence, we have
i!tc(α˜) = i
!
∞c(α˜) = c(i
!
∞α˜) = 0
since i∗∞c = 0.
2.2. Localized Chern character for 2-periodic complexes. Recall that the graph-
construction (see [1] or [5, Ch. 18]) associates with a finite complex of vector bundles V •
on X which is exact off a closed subset Z ⊂ X , the localized Chern character
chXZ (V
•) ∈ A(Z → X)Q.
Notice that every finite complex V • defines an infinite 2-periodic complex:
. . .→ V +
d+
✲ V −
d−
✲ V + → . . .
where
V + :=
⊕
n∈Z
V 2n, V − :=
⊕
n∈Z
V 2n+1,
and the maps d+ and d− are induced by the differentials in V •. We observe that the
localized Chern character can be defined starting from this 2-periodic complex so one can
generalize it to the case of infinite complexes. The only subtlety in the case of infinite
complexes is that one must be more careful about the condition of exactness off Z.
Namely, we say that a 2-periodic complex V • is strictly exact off Z if V • is exact off Z
and the images of d+ and d− are subbundles. If X is a variety this is equivalent to the
condition that V •|x is exact for every point x ∈ X \ Z.
We can consider a 2-periodic complex as a Z/2Z-graded vector bundle V = V + ⊕ V −
on X equipped with homomorphisms d+ : V + → V − and d− : V − → V + such that
d+d− = d−d+ = 0. Let v+ = rkV + and v− = rkV −.
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Denote byG+ (resp.G−) the Grassmannian bundle of v+-dimensional (resp. v−-dimensional)
planes in V . Let G = G+ ×X G
− and let ξ+ and ξ− be the pull-backs of the tautological
bundles on G+ and G− under the natural projection G → G± respectively. Denote by ξ
the virtual bundle ξ = ξ+ − ξ− on G.
We have a natural embedding
ϕ : X × A1 ⊂ ✲ G× A1 : (x, λ) 7→ (gr(λd+(x)), gr(λd−(x)), λ)
where by gr(f) we denote the graph of a linear map f . There is also a second natural
embedding
ψ : (X \ Z)× P1 → G× P1
that sends a point (x, (λ0 : λ1)) to (H
+, H−, (λ0 : λ1)) where subspaces
H+ ⊂ V + ⊕ ker d− and H− ⊂ ker d+ ⊕ V −
are defined by
H+ = {(x0, x1) | λ0x1 = λ1d
+(x0)} and H
− = {(x0, x1) | λ0x0 = λ1d
−(x1)}.
The requirement that the complex V • is strictly exact off Z is essential to define these
embeddings scheme-theoretically.
The localized Chern character
chXZ (V
•) ∈ A∗(Z → X)Q
for a strictly exact periodic complex can now be defined using the data (φ, ψ, ξ) in the
same way as in [5, Ch. 18]. The key fact needed for the construction is the following
property.
Consider the embedding
ψ0 : (X \ Z)× A1 ⊂ ✲ G× A1
induced by ψ. Then the pull-back of the virtual bundle ξ by ψ0 is trivial.
In the case Z = X this construction gives the usual graded Chern character of V •:
chXX(V
•) = ch(V •) := ch(V +)− ch(V −).
2.3. Properties of chXZ (V
•). Here we will establish some basic properties of the graph-
construction that will be used later. The first property is the compatibility of our con-
struction with the standard one in the case of bounded complexes.
Proposition 2.2. Let (C•, d) be a bounded complex of vector bundles on X strictly exact
off Z and C•(2) be the corresponding 2-periodic complex given by
C+(2) =
⊕
i≡0( mod 2)
C i, C−(2) =
⊕
i≡1( mod 2)
C i
with the differentials d± induced by d. Then one has
chXZ (C
•) = chXZ (C
•
(2)).
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From now on we will consider only 2-periodic complexes. When we say that such a
complex is exact off Z we will always mean strict exactness (i.e. that im(d+) and im(d−)
are subbundles).
As in the case of bounded complexes one can prove the following properties of the
periodic graph-construction.
Proposition 2.3. Let V • be a 2-periodic complex of vector bundles on X exact off Z.
(i) Let i : Z →֒ Z ′ be a closed embedding where Z ′ ⊂ X is another closed subset of X.
Then
i∗ ch
X
Z (V
•) = chXZ′(V
•).
(ii) Let U ⊂ X be an open subset such that Z ⊂ U and [j] the canonical orientation class
of the embedding j : U ⊂ ✲ X. Then
chXZ (V
•) = chUZ(V
•) · [j].
(iii) Let f : X ′ → X be a morphism, Z ′ = f−1(Z). Then
chX
′
Z′ (f
∗V •) = f ∗ chXZ (V
•).
(iv) If 0 → V •1 → V
• → V •2 → 0 is an exact triple of 2-periodic complexes exact off Z
then
chXZ (V
•) = chXZ (V
•
1 ) + ch
X
Z (V
•
2 ).
(v) If W • is a 2-periodic complex of vector bundles on X then
chXZ (W
• ⊗ V •) = chXZ (V
•) · ch(W •).
(vi) Let p : N → X be a vector bundle over X and Λ−•p∗N∨ be the Koszul-Thom complex
on N (concentrated in degrees [− rkN, 0]) which is exact off the zero section i : X →֒
N . Then one has
chNZ (Λ
−•p∗N∨ ⊗ p∗V •) = td(N)−1 · chXZ (V
•) · [i].
To prove (iv) one has to use Lemma 2.1 to reduce to the case of a split exact triple.
The proof of (vi) is similar to that of [1, Prop. 3.4, Ch. 1].
Remarks.
1. It seems natural to conjecture that for a pair of 2-periodic complexes of vector
bundles V •1 and V
•
2 such that V
•
1 (resp. V
•
2 ) is exact outside of Z1 ⊂ X (resp. Z2 ⊂ X)
one has
chXZ1∩Z2(V
•
1 ⊗ V
•
2 ) = ch
X
Z1(V
•
1 ) ∪ ch
X
Z2(V
•
2 ).
However, we did not check this property (cf. [5, Example 18.1.5]).
2. For a 2-periodic complex V • of vector bundles on X which is exact off Z we can
consider the class [H+(V •)] − [H−(V •)] in K0(Z) (the Grothendieck group of coherent
sheaves on Z) defined by the difference of even and odd cohomology of V •. Applying
the usual graph-construction for bounded complexes we get the localized Chern character
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chXZ ([H
+(V •)]− [H−(V •)]). It would be interesting to check whether this class coincides
with chXZ (V
•).
3. Orthogonal bundles with isotropic sections
3.1. Main construction. We start with the following data. Let E be an orthogonal
bundle over a variety X of even rank 2n with an isotropic section s : X → E and
S = S+ ⊕ S− be a corresponding spinor bundle (an irreducible representation of the
Clifford algebra of E) with fixed decomposition into even and odd components. Note
that locally the choice of S is unique up to an isomorphism and up to interchanging S+
and S−.
Let Z(s) ⊂ X be the zero locus of s. Consider the action of the section s on S. This
gives the following infinite 2-periodic complex:
S• : . . .→ S+
s
→ S−
s
→ S+ → . . .
with S+ at the degree 0 term. It is well-known that S• is strictly exact outside Z(s).
Therefore, we can consider the corresponding localized Chern character:
ch(E, s, S) := chXZ(s)(S
•) ∈ A∗(Z(s)→ X)Q.
According to Proposition 2.3.(ii), it has the following property:
i∗ ch(E, s, S) = ch(S
+)− ch(S−),(3.1)
where i : Z(s) →֒ X is the natural embedding.
Denote by ΠS the spinor bundle obtained from S by changing the parity, i.e.
(ΠS)+ := S− and (ΠS)− := S+.
Then the corresponding localized Chern characters are related by
ch(E, s,ΠS) = − ch(E, s, S).(3.2)
3.2. Compatibility. The main property of the class ch(E, s, S) constructed above is its
compatibility with reduction with respect to isotropic subbundles.
Let M ⊂ E be an isotropic subbundle with the following properties:
(a) s mod M⊥ is a regular section of E/M⊥,
(b) for all x ∈ X the inclusion s(x) ∈M implies s(x) = 0.
In this situation we can consider the locus X ′ ⊂ X of zeroes of the regular section s
mod M⊥ with dimX ′ = dimX − rkM . The restriction of M⊥/M to X ′ is an orthogonal
bundle E ′ equipped with a section s′ induced by s. Furthermore, if S is a spinor bundle
for E then the coinvariants SM = S/MS form a spinor bundle for M
⊥/M . Restricting it
to X ′ we get a spinor bundle S ′ for E ′ and we can apply the above construction to the
triple (E ′, s′, S ′). Note that by property (b) we have Z(s′) = Z(s) ⊂ X ′ ⊂ X .
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Theorem 3.1. In the described situation we have
ch(E, s, S) = td(M∨)−1 · ch(E ′, s′, S ′) · [i]
where [i] ∈ ArkM(X ′ → X) is the canonical orientation of the regular embedding i :
X ′ ⊂ ✲ X.
Proof. Consider first the situation when i : X ′ → X is the embedding of the zero section
into a vector bundle and E decomposes into orthogonal direct sum ofM⊥/M andM⊕M∨
in such a way that s is a sum of an isotropic section s′ ofM⊥/M and of a regular section s0
of M∨ ⊂M ⊕M∨ with zero locus X ′. In this case, we have isomorphisms of Z/2Z-graded
complexes
S ≃ Hom(Λ•M∨, SM) ≃ Λ
•M ⊗ SM
where the differential on SM is given by the action of s
′ while the differential on Λ•M is
i(s0). It remains to apply Proposition 2.3 (vi).
To reduce the general case to this one we use the standard deformation of the embedding
X ′ →֒ X to the normal cone and then apply Lemma 2.1. Recall that the total space X of
this deformation is an open subset in the blow-up of X ×P1 along X ′×{∞} obtained by
removing the proper transform of the divisor X × {∞} (which is isomorphic to BlX′ X).
Then the fiber X∞ is isomorphic to the normal cone of the embedding X
′ →֒ X . We
want to construct a compatible deformation of the orthogonal data (E, s,M, S) (near
∞). Consider the direct sum of two orthogonal bundles
E˜ = E ⊕ (M ⊕E/M⊥)
on X , where the orthogonal structure on M ⊕ E/M⊥ is induced by the natural pairing
between M and E/M⊥. Then we have a family of isotropic subbundles (isomorphic to
M) in E˜ parametrized by P1:
M˜(λ0:λ1) →֒ E˜ : m 7→ (−λ1m, λ0m, 0).
Let
E(λ0:λ1) = M˜
⊥
(λ0:λ1)
/M˜(λ0,λ1)
be the corresponding reduced orthogonal bundle. Note that the subbundle M˜⊥(λ0:λ1) ⊂ E˜
is defined by the equations
λ0v ≡ λ1v mod M
⊥
where (v,m, v) ∈ E˜. From this one can easily see that
E∞ ≃M
⊥/M ⊕ (M ⊕M∨),
while Et ≃ E for t 6= ∞. Let U ⊂ P
1 be a small open neighborhood of ∞ (actually
one can take U to be P1 \ {0}). Then the family (M˜t) can be considered as an isotropic
subbundle M˜ of p∗E˜, where p : X × U → X is the projection. Hence, the family (Et)
defines an orthogonal bundle E = M˜⊥/M˜ on X×U . For every t ∈ U we have an inclusion
0⊕M ⊕ 0 ⊂ M˜⊥t
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which induces the embedding M →֒ Et as a subbundle. LetM⊂ E be the corresponding
isotropic subbundle.
Notice that we have an isotropic section
s(λ0:λ1) = (λ0s, 0, λ1s mod M
⊥)
of M˜⊥(1) which we will consider as a section of M˜⊥ using the trivialization of OP1(1) over
U . Let s˜ be the corresponding isotropic section of E . Let π : X → X × P1 be the natural
projection. Let us denote XU = π
−1(X × U). Then π∗E is the orthogonal bundle on XU .
Note that the section s˜ vanishes over X ′× {∞}, hence, its pull-back to XU vanishes over
E ∩ XU where E ⊂ BlX′×{∞}X × P
1 is the exceptional divisor. By definition of X we
have the equality E ∩ XU = π
−1(X × {∞}). Assuming that λ1 6= 0 on U , we can take
λ = λ0/λ1 as the local parameter at ∞ ∈ P
1. We have shown that the section π∗s˜ is
divisible by λ and we define an isotropic section sU of E by setting
sU =
π∗s˜
λ
.
It is easy to see that the induced section of E∞ has the required form (s
′, 0, s0).
It remains to construct the family of spinor bundles over U . We can start with
S˜ = Hom(Λ•M∨, S) ≃ Λ•M ⊗ S
as a spinor bundle for E˜. Then S = p∗S˜M˜ is a spinor bundle for E and (π
∗E , sU , π
∗M, π∗S)
is the required deformation.
3.3. Homogeneous class. Assume that in the above situation we have an isotropic
subbundle L ⊂ E of maximal rank n (by analogy with the symplectic case we call such a
subbundle Lagrangian). Then the coinvariants SL form a Z/2Z-graded bundle on X . We
denote by ch(SL) its Z/2Z-graded Chern character. The following theorem shows that in
this situation, the class ch(E, s, S) multiplied by some standard factors is homogeneous
of degree n.
Theorem 3.2. The class
ch(E, s, S) · td(L∨) · ch(SL)
−1 ∈ A∗(Z(s)→ X)Q
is concentrated in degree n.
We will deduce this theorem from the following result.
Theorem 3.3. Let E be an orthogonal bundle of rank 2n on a scheme Y , S be a spinor
bundle for E, L ⊂ E be a Lagrangian subbundle, M ⊂ E be an isotropic subbundle of
rank 1. Then the class
ch(SM) · td(M
−1)−1 · td(L∨) · ch(SL)
−1 ∈ A∗(Y )Q
is concentrated in degree n− 1.
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Proof. First of all we can assume that E is isomorphic as an orthogonal bundle to L⊕L∨.
Indeed, the choices of a Lagrangian complement to L form an affine bundle over Y so it
suffices to prove the statement for the pull-back to this affine bundle. Next we claim that
it suffices to prove our statement in the case when Y is smooth. Indeed, there exists an
embedding i : Y → Y ′ into a smooth scheme Y ′ and a bundle L′ on Y ′ such that L ≃ i∗L′
(see Lemma 18.2 of [5]). Let Q → Y ′ be the bundle of projective quadrics associated with
the orthogonal bundle L′⊕ (L′)∨ (i.e. Q is a closed subscheme in P(L′⊕ (L′)∨) consisting
of isotropic lines). Then we have an embedding of Y into Q such that our data is the
pull-back of the similar data on Q. Since Q is smooth this proves our claim.
Thus, we can assume that Y is smooth and connected. Consider the following compo-
sition:
f : M → E → L∨.
Let us consider two cases.
Case 1: f = 0. In this case M is a subbundle in L. It is clear that the class in question
does not change if we tensor S by a line bundle, or switch the parity of S. Therefore, it
does not depend on S at all, so we can choose any S we like. Let us choose S = Λ•L.
Then SL ≃ O, while SM ≃ Λ
•(L/M), so we have
ch(SM) · td(M
−1)−1 · td(L∨) = ch(Λ•(L/M)) · td((L/M)∨) = cn−1((L/M)
∨).
Case 2: f 6= 0. In this case f gives a non-zero section O → M−1 ⊗ L∨. Let J be the
image of the dual map M⊗L→ O, and let π : Y˜ → Y be a blow-up along the subscheme
defined by J . Then we have an embedding π∗ : A∗(Y )→ A∗(Y˜ ) so it suffices to prove the
statement for the pull-back of our data to Y˜ . But on Y˜ the map π∗f factors as follows:
π∗f : π∗M → π∗M(E) →֒ L∨
where E is the exceptional divisor, N := π∗M(E) embeds as a subbundle into L∨. Let
N⊥ ⊂ L be the orthogonal complement to N . We claim that π∗M is contained in N⊥⊕N .
Indeed, it suffices to check this over the complement to E, but there it follows from the
condition that M is isotropic. Thus, we have a Lagrangian subbundle L′ = N⊥⊕N such
that π∗M ⊂ L′. Note that the statement of the theorem is true with π∗L replaced by L′
by Case 1 considered above. It remains to prove that whenever we have two Lagrangian
subbundles L1 and L2 in E such that L1 ∩L2 is a subbundle of rank n− 1 in E then the
statements of the theorem for L1 and for L2 are equivalent. In fact, we claim that in this
situation one has
td(L∨1 ) · ch(SL1) = − td(L
∨
2 ) · ch(SL2).
Indeed, since SL1∩L2 is a spinor bundle for the rank-2 orthogonal bundle L1/(L1 ∩ L2)⊕
L2/(L1 ∩ L2) everything reduces to the case n = 1. In this case L2 = L
−1
1 and the above
statement follows from the identity
td(L1)
−1 · td(L−11 ) · ch(L1) = 1.
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Proof of Theorem 3.2. Let us assume first that s is a non-zero section of a line bundle M
which itself is embedded as an isotropic subbundle into E. In this case by a deformation
argument (see the proof of Theorem 3.1) we can assume that E = M ⊕M−1⊕M⊥/M as
an orthogonal bundle. We have S ≃ Λ•M ⊗ SM , and therefore
ch(E, s, S) = ch(O
s
→ M) · ch(SM).
Furthermore,
ch(O
s
→M) = −c1(M, s) · td(M
−1)−1
where c1(M, s) ∈ A
1(Z(s)→ X) is the localized first Chern class defined by the section s
of M (see [5, Example 17.1.1]). It remains to apply Theorem 3.3 to conclude the proof.
To reduce to the case considered above we proceed as follows. Let p : CQ → X be
the affine quadrics fibration associated with E (in other words, CQ consists of isotropic
vectors in the total space of E). Then we have a universal isotropic section of s0 of p
∗E and
a morphism f : X → CQ such that p ◦ f = id and s = f ∗s0. By functoriality, it suffices
to prove our statement for the data (p∗E, s0, p
∗S, p∗L). Now let Q → X be the projective
quadrics fibration associated with E, C˜Q ⊂ CQ×X Q be the incidence correspondence.
The natural projection π : C˜Q → CQ is an isomorphism over the complement to the
zero section i : X →֒ CQ, while π−1(i(X)) ≃ Q is a locally trivial fibration over i(X). It
follows that every irreducible variety in CQ is the birational image of some subvariety of
C˜Q. According to [5, Ex. 17.3.2], the pull-back map
π∗ : A∗(Z(s0)→ CQ)→ A
∗(Z(π∗s0)→ C˜Q)
is injective, so it suffices to prove the statement for the pull-back of our data by π. But
on C˜Q our isotropic section π∗s0 is contained in the isotropic subbundle of π
∗p∗E so we
are done.
4. Relative top Chern class
4.1. Definition on the level of complexes. We refer to [4] for the definition and
main properties of the symmetric powers of complexes of vector bundles. Below we
will use the fact that taking the r-th symmetric power (in characteristic zero) is a well-
defined functor on the homotopic category of bounded complexes of vector bundles which
preserves quasiisomorphisms.
Let
C• = [C0
d
→ C1]
be a complex of vector bundles on a variety X concentrated in degrees 0 and 1 equipped
with a morphism of complexes
τ : Sr(C•)→ OX [−1].
We assume that for every point p ∈ X the induced pairing
Sr−1H0(C•|p)⊗H
1(C•|p)→ C(4.1)
has the following property:
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if xr−1 is orthogonal to all of H1(C•|p) for some x ∈ H
0(C•|p) then x = 0.(4.2)
Note that this condition automatically implies that rkC0 ≤ rkC1. In this situation
we are going to apply the construction of the previous section to construct the class
c(C•, τ) ∈ A∗(X)Q.
The complex Sr(C•) is as follows:
SnC0
d0
✲ Sr−1C0 ⊗ C1
d1
✲ Sr−2C0 ⊗ Λ2C1 → . . .
Hence, the morphism τ is given by the morphism
τ1 : S
r−1C0 ⊗ C1 → OX
such that its composition with d0 vanishes. We can think about τ1 as of a section of
a bundle on the total space of C0. Namely, if we denote by p : C0 → X the natural
projection then τ1 gives rise to a section β ∈ H
0(C0, p∗(C1)∨). On the other hand, the
differential d : C0 → C1 produces a section α ∈ H0(C0, p∗C1). It is easy to check that
the pair of sections (α, β) satisfies the following two conditions.
(i) the sections α and β are orthogonal with respect to the natural pairing
H0(C0, p∗C1)⊗H0(C0, p∗(C1)∨)→ H0(C0,O),
(ii) the intersection of the zero loci Z(α)∩Z(β) coincides with the zero section X ⊂ C0.
The bundle E = p∗C1 ⊕ p∗(C1)∨ on C0 has a natural orthogonal structure, and by
property (i) the section s = (α, β) of E is isotropic. As a spinor bundle we will take
S = Λ•p∗(C1)∨ with the natural grading (so that S+ = ⊕nΛ
2np∗(C1)∨). By property
(ii) the zero locus Z(s) coincides with the zero section X ⊂ C0. Therefore, we have a
well-defined class
ch(E, s, S) ∈ A(X → C0)Q.
According to [5, Prop. 17.4.2], there is a natural isomorphism
A(X → C0)→ A(X → X) = A∗(X) : c 7→ c · [p]
where [p] ∈ A− rkC
0
(C0 → X) is the orientation class of p and so we can define
c(C•, τ) = td(C1) · ch(E, s, S) · [p] ∈ A∗(X)Q.(4.3)
Let χ(C•) = rkC0 − rkC1 denote the Euler characteristic of C•. From Theorem 3.2
we immediately obtain that in fact
c(C•, τ) ∈ A−χ(C
•)(X)Q.
We call c(C•, τ) the relative top Chern class of C• determined by τ . This definition is
motivated by the following property.
Proposition 4.1. One has
crkC0(C
0) · c(C•, τ) = crkC1(C
1).
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Proof. Let i : X → C0 be the zero section. Then by (3.1) we have
i∗ td(C
1) · ch(E, s, S) = td(p∗C1) ·
∑
n
(−1)n ch(Λnp∗(C1)∨) = crkC1(p
∗C1).
Now it is easy to see that for arbitrary class c ∈ A∗(X → C0) one has
i∗c = p
∗(crkC0(C
0) · c · [p]).
Hence, we get
p∗(crkC0(C
0) · c(C•, τ)) = p∗(crkC1(C
1)).
Applying i∗ to both parts we get the result.
The first simple property of the relative top Chern class is the following.
Proposition 4.2. The class c(C•, τ) depends only on the homotopy class of τ .
Proof. We will show that if τ1 is replaced by τ
′
1 = τ1 + h ◦ d1 for some map
h : Sr−2C0 ⊗ Λ
2C1 → OX
then the corresponding orthogonal data changes to an isomorphic one. Indeed, h gives
rise to a section γ ∈ H0(C0,Λ2p∗(C1)∨). Thus, considering γ as a skew-symmetric homo-
morphism p∗C1 → p∗(C1)∨ we can construct an automorphism of the orthogonal bundle
p∗C1 ⊕ p∗(C1)∨ acting as the identity on the subbundle p∗(C1)∨ and on the quotient by
it. It is easy to see that this automorphism sends the isotropic section corresponding to
τ1 to the isotropic section corresponding to τ
′
1 so we are done.
The main property of the relative top Chern class is its invariance under quasiisomor-
phisms.
Theorem 4.3. Let f : C
•
→ C• be a quasiisomorphism of complexes of bundles con-
centrated in degrees 0 and 1, let τ : Sr(C•) → OM [−1] be a morphism satisfying the
assumption (4.2) above. Set τ = τ ◦ Sr(f), then
c(C
•
, τ) = c(C•, τ).
Since by Proposition 4.2 we can work in the homotopic category of complexes, we can
use the following simple lemma.
Lemma 4.4. In the homotopic category every quasiisomorphism of complexes of bun-
dles concentrated in degrees 0 and 1 is a composition of a quasiisomorphism which is
an embedding of subbundles on each term followed by a quasiisomorphism of the type
C• ⊕ (A
id
→ A)→ C•.
Proof. Let f : C
•
→ C• be such a quasiisomorphism. We have a decomposition of f into
a composition of two quasiisomorphisms: f = f1 ◦ f2 where
f1 : (C
1 id
✲ C
1
)⊕ C• → C•
is the natural projection,
f2 : C
•
→ (C
1 id
✲ C
1
)⊕ C•
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is the composition of f with the natural embedding of C• into the target. Now we can
replace f2 by a homotopic map f
′
2 using the natural embedding C1 → C1 ⊕ C0 as a
homotopy. Now the fact that f ′2 is an embedding of subbundles on each term follows from
the exactness of the following sequence:
0→ C
0
→ C1 ⊕ C0 → C1 → 0.
Proof of Theorem 4.3. According to the above lemma it suffices to consider separately
two classes of quasiisomorphisms. Consider first the case when f0 : C
0
→֒ C0 and f1 :
C
1
→֒ C1 are embeddings of subbundles. Let p : C
0
→ X be the natural projection,
s = (α, β) be the isotropic section of p∗C
1
⊕ p∗(C
1
)∨ constructed from the data (C
•
, τ).
It is easy to check the following two properties:
(1) β is the image of β|
C
0 ∈ H0(C
0
, p∗(C1)∨) under the natural map
H0(C
0
, p∗(C1)∨)→ H0(C
0
, p∗(C
1
)∨);
(2) the square
C
0
✲ C0
p∗C
1
❄
i
✲ p∗C1
α
❄
(4.4)
is Cartesian (and in particular, commutative), where the left vertical arrow is the
composition of α with the natural embedding p∗C
1
→֒ p∗C
1
.
The condition (2) says, in particular, that C
0
is the zero locus of the regular section α
mod p∗C
1
of p∗C1/p∗C
1
.
Let (C
1
)⊥ ⊂ (C1)∨ be the subbundle orthogonal to C
1
⊂ C1. Then M := p∗(C
1
)⊥ is an
isotropic subbundle in E = p∗C1⊕ p∗(C1)∨. We claim that M satisfies the conditions (a)
and (b) preceding Theorem 3.1 and that the reduced data correspond to (α, β). Indeed,
the orthogonal complement of M is E is
M⊥ = p∗C
1
⊕ p∗(C1)∨.
Thus, s mod M⊥ is just the section α mod p∗C
1
. This is a regular section of E/M⊥
and its zero locus is C
0
⊂ C0 (in particular, the condition (a) holds). Note that we have
a natural identification
M⊥/M ≃ p∗C
1
⊕ p∗(C
1
)∨.
It is easy to see that under this identification the section of E ′ = M⊥/M |
C
0 induced
by s = (α, β) coincides with s′ = (α, β). In particular, the zero locus of s coincides
with the zero section of C
0
, hence the condition (b) holds. Finally, the coinvariants of
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M = p∗(C
1
)⊥ in the spinor bundle S = Λ•p∗(C1)∨ for E = p∗(C1) ⊕ p∗(C1)∨ give the
spinor bundle Λ•p∗(C
1
)∨ for M⊥/M which restricts to the spinor bundle S ′ = Λ•p∗(C
1
)∨
for E ′. Now Theorem 3.1 gives the equality
ch(E, s, S) = td(C1/C
1
)−1 · ch(E ′, s′, S ′) · [i]
where i : C
0
→ C0 is the natural embedding. Hence,
c(C•, τ) = td(C1) · ch(E, s, S) · [p] = td(C1) · td(C1/C
1
)−1 · ch(E ′, s′, S ′) · [i] · [p]
= td(C
1
) · ch(E ′, s′, S ′) · [p] = c(C
•
, τ).
The case of the quasiisomorphism C• ⊕ (A
id
✲ A)→ C• is much easier and is left to
the reader.
Proposition 4.1 admits the following generalization.
Proposition 4.5. Let C
•
⊂ C• be a subcomplex of C• such that C
0
⊂ C0 is a subbundle
and C
1
= C1. Then we have
c(C
•
, τ) = ctop(C
0/C
0
) · c(C•, τ)(4.5)
Proof. Let i : C
0
→ C0 be the embedding of the total spaces of vector bundles. Then by
Proposition 2.3.(iii) we have
i∗ ch(E, s, S) = ch(i∗E, i∗s, i∗S),
where (E, s, S) are the orthogonal data on C0 constructed from the data (C•, τ). Now
our statement follows from the fact that for arbitrary class c ∈ A∗(X → C0) one has
i∗(c) · [p ◦ i] = ctop(C
0/C
0
) · c · [p].
This can be easily proved by reducing to the case when the embedding C
0
→֒ C0 splits.
Proposition 4.1 corresponds to the case C
0
= 0.
4.2. Passage to the derived category. Now assume that we have a complex C0 → C1
as before and a map τ : Sr(C•) → OX [−1] in the derived category D
b(X) such that the
condition (4.2) on the induced cohomological pairing (4.1) is satisfied. Assuming that
X is quasi-projective we will show that one can still define the relative top Chern class
c(C•, τ) in this situation. Let OX(1) be an ample line bundle on X . Let us denote by
Kb(X) the homotopic category of bounded complexes of coherent sheaves on X .
The proof of the following lemma is straightforward.
Lemma 4.6. Every surjection f 1 : C
1
✲✲ C1 extends uniquely to a quasiisomorphism
f : [C
0
→ C
1
]→ [C0 → C1].
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Proposition 4.7. In the above situation for a sufficiently large m and a surjection of the
form
OX(−m)
⊕N ✲✲ C1,
let C
•
→ C• be the corresponding quasiisomorphism, where C
1
= OX(−m)
⊕N . Then
HomKb(X)(S
r(C
•
),OX [−1]) ≃ HomDb(X)(S
r(C
•
),OX [−1]).
Proof. Denote Sr(C
•
) by E•. From the spectral sequence that computes HomDb(X)(E
•,OX [−1]),
it is clear that it is sufficient to prove that Exti(Ej ,OX) = 0 for i > 0, j > 0. Since
Ej = Sr−j(C
0
)⊗Λj(C
1
), it is enough to prove that H i(Sj(C
0
)∨(m)) = 0 for i > 0, j < r.
We know that for all sufficiently large m one has
H>0(Sj(C0)∨ ⊗ Sj1(C1)∨ ⊗ . . .⊗ Sjk(C1)∨(m)) = 0(4.6)
as long as j + j1 + . . .+ jk < r. Let K be the kernel of the surjection C
i
→ C i (i = 1, 2).
Then from the exact sequence
0→ (C0)∨ → (C
0
)∨ → K∨ → 0
we see that vanishing of H>0(Sj(C
0
)∨(m)) follows from vanishing of
H>0(Sj(C0)∨ ⊗ Sj1K∨(m))
for j + j1 < r. On the other hand, we have the exact sequence
0→ (C1)∨ → (C
1
)∨ → K∨ → 0.
Considering the j1-th symmetric power of this sequence and using (4.6) we see that it is
sufficient to prove vanishing of H>0(Sj(C0)∨⊗Sj1(C1)∨⊗Sj2K∨(m)) for j+ j1 + j2 < r,
j1 > 0. Now we can continue arguing in the same way using (4.6).
Lemma 4.8. Let C0 → C1 and D0 → D1 be two complexes of sheaves on X such that
Ext1(C1, D0) = 0. Then the natural map
HomKb(X)(C
•, D•)→ HomDb(X)(C
•, D•)
is an isomorphism.
The class c(C•, τ) can now be defined as follows.
Using Proposition 4.7 we can choose a quasiisomorphism C
•
→ C• such that τ is
realized by a map of complexes
τ : Sr(C
•
)→ OX [−1]
and apply the construction of Section 4.1 to C
•
. We set
c(C•, τ) := c(C
•
, τ).
To check that this is well-defined, assume that we have another quasiisomorphism
C˜• → C• such that τ is realized by a map of complexes
τ˜ : Sr(C˜•)→ OX [−1].
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Then we can find a quasiisomorphism D• → C
•
with D1 = OX(−m)
⊕N where m is
sufficiently large. Then by Lemma 4.8 the following composition of morphisms in the
derived category
D• → C
•
→ C• → C˜•
is realized by a map of complexes.
Now the equality c(C
•
, τ) = c(C˜•, τ˜ ) follows from Theorem 4.3 and Propositions 4.2
and 4.7.
5. Witten’s top Chern class
5.1. Construction of the spin virtual class. Witten’s “top Chern class” is defined in
the following situation.
Let π : C → S be a flat family of prestable curves over a quasi-projective base S, and
T be a family of rank-one torsion-free sheaves on C with a non-zero homomorphism
b : T r → ωC/S,
where ωC/S is the relative dualizing sheaf of π. (This data is part of an r-spin structure
on the family C → S; see [6, 7, 8] for details.)
We can represent the sheaf Rπ∗(T ) by a complex
C• = [C0 → C1],
where C i are vector bundles on S. For example, we can choose an ample relative Cartier
divisor D ⊂ C and consider the resolution of T by the complex T (ND) → T (ND)/T
where N is large enough. Since the terms of this complex are acyclic for Rπ∗, we can take
C• to be
π∗(T (ND))→ π∗(T (ND)/T ).
The morphism b induces a morphism
Sr(C•)→ Rπ∗(ωC/S)
in the derived category. Composing it with the canonical trace morphism
Rπ∗(ωC/S)→ OS [−1],
we obtain a morphism (still in the derived category)
τ : Sr(C•)→ OS[−1].
We claim that for every s ∈ S, the induced pairing
Sr−1H0(Cs, Ts)⊗H
1(Cs, Ts)→ C
satisfies the condition (4.2). Indeed, this pairing corresponds to the following composition
Sr−1H0(Cs, Ts)→ H
0(Cs, T
r−1
s )→ Hom(T , ωCs) ≃ H
1(Cs, Ts)
∗
so the required condition follows from the injectivity of the second arrow.
Now we define the class
c(T , b) := c(C•, τ) ∈ A∗(S)Q
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by applying the construction of Section 4.2. The results of that section imply that it does
not depend on a choice of a complex C• representing Rπ∗(T ).
5.2. Spin virtual class. In [8] axioms have been formulated for a so-called spin virtual
class c1/r (or Witten’s top Chern class) on the moduli space of r-spin curves so that it
can be used to produce a cohomological quantum fields theory. Since every family of
n-punctured r-spin curves C → S of non-negative type (m1, . . . , mn) (i.e. mj ≥ 0 for
j = 1, . . . , n) contains in its structural data a flat family of torsion-free rank-one sheaves
T on C with a map
b : T r → ωC/S ,
the above construction produces a Chow cohomology class c(T , b) on S of degree −χ(T ).
We propose this class as a candidate for the spin virtual class. In the remainder of the
paper, we will consider examples and establish some properties of this class which justify
our suggestion.
5.3. Examples.
1. Assume that the spin structure is convex, i.e. that R0π∗(T ) = 0 and therefore
R1π∗(T ) is a bundle. Then from Proposition 4.1 it follows
c(T , b) = ctop(R
1π∗(T )),
and so in this situation our class is a genuine top Chern class of a bundle.
2. Assume that r = 2, the map π is smooth, S is connected, T is locally free and the
map b : T 2 → ωC/S is an isomorphism. In other words, C → S is a family of smooth
curves with ordinary spin structures (theta characteristics).
Then χ = 0, so the class c(T , b) has degree 0 i.e. it is just a number. We claim that
this number is equal to (−1)h
0(Cs,Ts) for any s ∈ S. Indeed, we can assume that S is a
point, C = C is a smooth curve. Then we have to compute the class corresponding to the
complex H0(C, T )→ H1(C, T ) with zero differential and to the map
H0(C, T )→ H1(C, T )∗
which is an isomorphism obtained from Serre duality. Now our statement follows from
Proposition 2.3(vi). The sign appears because the complex arising from the action of
the isotropic section on the spinor bundle coincides with the Koszul complex shifted by
h0(Cs, Ts).
3. Let C → S be a family of elliptic curves with T trivial on every fiber Cs such that
the map b : T r → ωC/S is an isomorphism. Then we claim that c(T , b) = −r + 1.
Indeed, again the class c(T , b) has degree 0 and we can assume that S is a point.
Now we have to compute the class corresponding to the complex C0 → C1 with zero
differential where C0 = C1 = C and the map Sr−1C0 → (C1)∗ is an isomorphism. Thus,
we are reduced to computing the localized Chern class of the complex
OA1
zr−1
✲ OA1
18 A.POLISHCHUK AND A.VAINTROB
concentrated in degrees [0, 1], where z is the coordinate on A1. It is easy to see that it is
equal to −(r − 1).
5.4. Factorization properties. Let Γ be a stable decorated genus g graph that corre-
sponds to a stratum M
1/r
Γ in the moduli stack M
1/r
g,n of r-spin genus g curves. (We adopt
the notation from [8].) Denote by Γ˜ the decorated graph obtained by cutting all edges
of Γ and by Γ0 and Γ˜0 the corresponding underlying graphs (without decorations). Let
MΓ0 and MΓ˜0 be the corresponding moduli spaces of curves. For each of these moduli
spaces M, let C →M be the corresponding universal curve. Finally, consider the fibered
product
X =MΓ˜0 ×MΓ0
M
1/r
Γ
and the pull-backs CX and C˜X of the universal curves CΓ and CΓ˜ to X .
Consider the following diagram
CΓ˜
✛
p˜
C˜X
CX
ν
❄
CΓ
qˆ
✲
MΓ˜0
✛ M
1/r
Γ˜
ρ˜
❄
✛
p
X
πX
❄
MΓ0 ✛
✲
M
1/r
Γ
π
❄
q
✲
where ν is the normalization morphism and the morphism p is given by the canonical
construction that induces an r-spin structure on the normalization of a spin curve (see [6]).
Let T and T˜ be the universal r-th root sheaves on CΓ and CΓ˜, then by [6] we have
ν∗p˜
∗T˜ = qˆ∗T .
Since all the quadrilaterals in the diagram above are Cartesian, we can compare the virtual
top Chern classes corresponding to T and T˜ .
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Indeed, we have
q∗Rπ∗T = RπX∗qˆ
∗T = RπX∗ν∗p˜
∗T˜ = R(πXν)∗p˜
∗T˜ = p∗Rρ˜∗T˜ .
Since both p and q are finite flat morphisms and the virtual top Chern class commutes
with e´tale base change, the above equation gives
q∗c(T , b) = p∗c(T˜ , b˜)
for all stable decorated graphs Γ except those that have a non-separating edge marked by
the pair (r − 1, r − 1) (i.e. the spin structure T at the corresponding node is Ramond).
For such Γ the induced spin structure T˜ will not be of a non-negative type and the map
b˜ (and therefore the class c(T˜ , b˜)) will not be defined.
This implies that the class c(T , b) satisfies Axiom 1 of the spin virtial class of [8] and
also Axiom 3 when Γ has no separtating edges marked with (r − 1, r − 1).
Since Axioms 2 (Convexity) and 5 (Forgetting tails) are obviously satisfied as well,
it only remains to verify Axiom 4 and also Axiom 3 in the case when Γ has a non-
separating edge corresponding to a Ramond singularity. Axiom 4 (Vanishing) requires
that c(T , b) = 0 if Γ has a tail marked by r − 1, and modulo this axiom the remaining
case of Axiom 3 can also be stated as a vanishing condition that p∗q
∗c(T , b) = 0.
In this paper we will only check the vanishing for r = 2.
5.5. Vanishing axiom in the case of square roots. Assume that we have a family of
curves π : C → S, a collection of sections p1, . . . , p2k : S → C, and a family of torsion free
rank-1 sheaves T which is locally free near pi’s together with a morphism
b : T 2 → ωC/S(−p1 − . . .− p2k)
which induces an isomorphism
T
∼
✲ RHom(T , ωC/S)(−p1 − . . .− p2k)(5.1)
(see [6, Note 2.1.5]).
Let C0 → C1 be a complex of vector bundles representing Rπ∗(T ) such that the map
S2Rπ∗(T ) → OS[−1] is realized on the level of complexes. Then we have a natural map
C0 → (C1)∨ such that the map
C0 → C1 ⊕ (C1)∨
is an embedding of an isotropic subbundle. Note that the natural morphism of complexes
C• → (C•)∨[−1] represents the natural map
Rπ∗(T )→ Rπ∗RHom(T , ωC/S)
in Db(S) induced by b. Its cone shifted by [−1] is the complex
C0 → C1 ⊕ (C1)∨ → (C0)∨.(5.2)
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On the other hand, from the isomorphism (5.1) it follows that the cone of the above map
in Db(S) is isomorphic to T (p1 + . . . + p2k)|p1+...+p2k . Now we notice that the complex
(5.2) is quasiisomorphic to the complex
C0 → (C0)⊥,
where (C0)⊥ is the orthogonal complement to C0 ⊂ C1 ⊕ (C1)∨. Hence, we have the
following isomorphism of vector bundles on S:
(C0)⊥/C0 ≃
⊕
i
T (pi)|pi.
Furthermore, this isomorphism is compatible with the orthogonal structures on both
bundles where on the second bundle we have the direct sum of the orthogonal structures
on the line bundles T (pi)|pi given by the isomorphism
(T (pi)|pi)
⊗2 → ω(pi)|pi ≃ OS
(induced by b). Consider a finite e´tale covering S ′ → S which makes all line bundles
T (pi)|pi trivial. Then on this covering the orthogonal bundle (C
0)⊥/C0 can be trivialized
(as an orthogonal bundle). In particular, we can choose a trivial Lagrangian subbundle
M ⊂ (C0)⊥/C0. Let M ⊂ (C0)⊥ be the corresponding Lagrangian subbundle in C1 ⊕
(C1)∨. Then we have an embedding of complexes
[C0 → C1]→ [M → C1]
such that the morphism S2(C0 → C1) → OS[−1] is induced by the natural morphism
S2(M → C1) → OS[−1] (which uses the map M → (C
1)∨). Hence, according to Propo-
sition 4.5, the relative top Chern class of C0 → C1 is equal to the product of the relative
top Chern class of M → C1 with ctop(M/C
0). But M/C0 ≃ M is a trivial bundle, hence
ctop(M/C
0) = 0.
5.6. Descent axiom.
Here we show that our virtual top Chern class satisfies the Descent Axiom formulated
in [9]. It is shown in [9] that this axiom implies the Vanishing axiom provided the virtual
class is defined for families of spin structures of type (m1, . . . , mn), where one of mj can
be equal to −1 (and the rest are non-negative). Our construction, however, works only
for spin structures with mj ≥ 0 for all j and therefore the question whether the Vanishing
Axiom holds for the class c(T , b) remains open.
Let σ : S → C be a section such that π is smooth along σ(S) and T is locally free along
σ(S). We can equip the sheaf T = T (−σ) with the map
b : T
r
→ ωC/S
induced by b.
Proposition 5.1. In the above situation one has
c(T , b) = c(T , b) · c1(σ
∗T ).
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Proof. From the exact sequence
0→ T → T → T |σ(S) → 0
we obtain the exact triangle
Rπ∗(T )→ Rπ∗(T )→ L
in the derived categoryDb(S), where L := σ∗T . Let us choose a complex of vector bundles
C• = [C0 → C1] representing Rπ∗(T ) in such a way that Ext
1(C1, L) = 0 (this is possible
by Lemma 4.6). Then by Lemma 4.8 the morphism (C•)→ L in Db(S) is represented by a
morphism of complexes, i.e. by a map C0 → L. Let us replace C• by the quasiisomorphic
complex C• ⊕ (L
id
✲ L) and replace the induced map C• ⊕ (L
id
✲ L) → L by the
homotopic one using the projection C1 ⊕ L → L as a homotopy. By this procedure
we represent the map Rπ∗(T ) → L by a morphism of complexes f : C
• → L such that
C0 → L is surjective. Let C
•
be a kernel of f . Then C
•
is a complex representing Rπ∗(T ).
It remains to apply Proposition 4.5.
5.7. Geometric interpretation. In this section we will consider some geometric con-
sequences of the vanishing of the virtual top Chern class in the case of square roots of
ω(−p1− p2). Let us fix a smooth projective curve C of genus g. Let π : S → S
2C −∆ be
an e´tale covering of degree 22g corresponding to a choice of a square root of ωC(−p1− p2)
for (p1, p2) ∈ S
2C−∆. Then we have a line bundle T on S×C such that T 2 ≃ p∗CωC(−D)
where D ⊂ S × C is the universal divisor, pC : S × C → C is the projection. Let Z ⊂ S
be the locus of s ∈ S such that H0(C, Ts) 6= 0. Then over S − Z the virtual top Chern
class is just the first Chern class of the line bundle R1pS∗(T ) where pS : S×C → S is the
projection. It is easy to show directly that the square of this line bundle is trivial (see
the proof of the theorem below). We are going to use Deligne’s theory of determinant
bundles in order to interpret this fact geometrically.
Theorem 5.2. For a smooth projective curve C of genus g let X ⊂ S2C − ∆ be the
closed subset consisting of pairs (p1, p2) such that there exists an effective divisor D with
OC(2D+ p1 + p2) ≃ ωC. Let U = S
2C −∆−X be the open complement to X. Then the
line bundle ω⊗2
2g
U on U is trivial.
Proof. First of all let us explain why on the locus whereH0(T ) = 0, one has a trivialization
of H1(T )⊗2. Consider the exact sequence
0→ H0(T (p1))→ T (p1)|p1 → H
1(T )→ . . .
We claim that the boundary homomorphism δ : T (p1)|p1 → H
1(T ) is an isomorphism.
Indeed, assume it is not. Then it is equal to zero, hence the restriction map H0(T (p1))→
T (p1)|p1 is an isomorphism. On the other hand, by restricting via δ the canonical pairing
between H1(T ) and H0(ω⊗T −1) to a pairing between T (p1)|p1 and H
0(ω⊗T −1) we get
the natural pairing
T (p1)|p1 ⊗H
0(ω ⊗ T −1)→ T (p1)|p1 ⊗ (ω ⊗ T
−1)|p1 → ω(p1)|p1 ≃ Op1.
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The fact that this pairing is zero implies that the restriction map
H0(ω ⊗ T −1)→ (ω ⊗ T −1)|p1
is zero. But we have ω⊗T −1 ≃ T (p1+p2), and we know that on the subspace H
0(T (p1))
the above restriction map is not zero. The obtained contradiction proves that we have an
isomorphism
T (p1)|p1→˜H
1(T ).
On the other hand, (T (p1)|p1)
⊗2 is trivial, hence, H1(T )⊗2 is trivial. Since H0(T ) = 0
we obtain that the square of the determinant line bundle detRΓ(T ) is trivial. We have
natural isomorphisms (see [3])
detRΓ(T )2 ≃ detRΓ(T )⊗ detRΓ(ωT −1) ≃ detRΓ(ω)⊗ 〈T , ωT −1〉−1,
where 〈L,M〉 is Deligne’s symbol. We can compute the 4-th power of this symbol:
〈T , ωT −1〉4 ≃ 〈ω(−p1 − p2), ω(p1 + p2)〉 ≃ 〈ω, ω〉 ⊗ 〈O(p1 + p2),O(p1 + p2)〉
−1
≃ 〈ω, ω〉 ⊗ O(−p1)|p1 ⊗O(−p2)|p2 ≃ 〈ω, ω〉 ⊗ ω|p1 ⊗ ω|p2.
We conclude that
detRΓ(T )8 ≃ detRΓ(ω)4 ⊗ 〈ω, ω〉−1 ⊗ ω|p1 ⊗ ω|p2.
Thus, from the triviality of detRΓ(T )2 on the complement to Z we obtain the triviality
of the canonical bundle on S−Z. Since π−1(U) is an open subset of S−Z which is e´tale
over U of degree 22g, we see that the 22g-th power of ωU is trivial.
Corollary 5.3. For a smooth projective curve C of genus g and a point p0 ∈ C let us
consider the set Xp0 ⊂ C − p0 consisting of points p such that there exists an effective
divisor D with OC(2D + p + p0) ≃ ωC. Then there exists a divisor E supported on
Xp0 ∪ {p0} such that OC(E) ≃ ω
⊗22g
C .
Remark. The power 22g in the above corollary is probably not optimal. For example, in
the case g = 3 it can be replaced by 8.
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